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Pattern formation due to double-diffusive convection in ferrofluids is investi-
gated in the presence of an externally applied transverse magnetic field. The
critical value of the Rayleigh number R for steady state bifurcation is found to be
different from that for Hopf bifurcation in contrast to ordinary fluids where the
two critical values are the same. The stability of steady state patterns}rolls,
squares, and hexagons}has been discussed. For magnetic fluids, the rolls are
found to be structurally stable on the square lattice, whereas on the hexagon lattice
bifurcation may lead to either rolls or hexagons depending upon the value of the
nondimensional magnetic parameter M. Q 1998 Academic Press
1. INTRODUCTION
There has been a considerable interest in the study of pattern formation
w xin magnetic fluids 1]6 in recent years. Fluid dynamics and heat transfer
processes in magnetic fluids were first studied by Neuringer and
w xRosensweig 7 . The double-diffusive magneto-convection provides a con-
venient and easily controllable continuous system exhibiting a variety of
pattern formation phenomena when driven out by thermal and magnetic
forcing. The magnetic fluid has two diffusing components: the temperature
and the solute concentration. The thermomechanical interactions occur-
ring in magnetic fluids may give rise to convection imposed by externally
applied magnetic field and temperature gradients. This study is of great
interest because it influences the function efficiency of many practical
devices employing magnetic fluids. The convection in a horizontal layer of
ferrofluid heated from below in the presence of a uniform magnetic field
w x w xhas been studied by Finlayson 8 , Gotoh and Yamda 9 , Gupta and Gupta
w x w x10 , and Shekhar, Rudraiah, and Kamiyama 11 . Their analyses are
restricted to the linear theory.
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The convective instability and pattern formation in magnetic fluid has
w xbeen examined by Bajaj and Malik 12 . They have found rolls as the only
w xstable steady state patterns. Recently, Blums 13 has investigated the
problem of complex thermomagnetic and diffusion driven convection in
magnetic fluids. A thermomagnetic particle transfer as well as convectional
thermophoresis of colloidal ferro-particles in the presence of high temper-
ature gradients may give rise to a considerable influence to the distribution
of bulk force which causes a specific complex gravitational and magnetic
field driven convection. A small variation of particle concentration by
thermophoresis causes a density change comparable with the effect of fluid
w xthermal expansion. Kikura et al. 14 have studied natural convection in
magnetic fluid in a cubic container. They have discussed the effect of
magnetic field on the transient temperature distributions and the local and
averaged Nusselt numbers. However, in magnetic fluids, we are not aware
of any experimental results involving pattern formation in double diffusive
w xconvection. These studies may be important in the separation process 1 .
In this paper, we examine the pattern selection in double diffusive
magnetic fluid convection when the Rayleigh number R exceeds the
critical Rayleigh number RSS, using equivariant bifurcation theory and
w xsingularity theory 15, 16 . An instability sets in whenever the Rayleigh
number R is greater than RSS. This instability arises as a result of the
combined effect of magneto-diffuso-convection in the case when the
concentration decreases in the direction of total buoyancy force and the
external temperature gradient is such that the temperature increases in
 .the direction of total buoyancy force rg q m M ? =H where r, g, m , M,0 0
and H are the density of the fluid, acceleration due to gravity, magnetic
permeability of free space, the magnetization, and the magnetic field
applied, respectively. This problem is physically different from the problem
involving pattern formation in magnetic fluids due to normal field instabil-
w xity 1 . We also include the nonlinear contribution due to thermomechani-
cal interaction in ferrofluids in the presence of a uniform vertical magnetic
field. The magnetic field H and the magnetic induction B are assumed to
be collinear. The patterns in ferrofluids result as a consequence of steady
state bifurcation when the Rayleigh number, R, exceeds a certain critical
value. In physical reality, the bifurcation is imperfect, if the magnetic fluid
containers are of finite size or if the field nonuniformities and wall wetting
are taken into consideration. We have neglected the side wall effects and
imperfections in the system which may give rise to imperfect bifurcation.
The stability of various three dimensional time-independent patterns in
the unmagnetized binary fluid mixture has been investigated by Silber and
w xKnobloch 5 using symmetric bifurcation theory. They found that rolls
emersing out as a result of supercritical bifurcation are stable against all
deformations lying on square and hexagonal lattices.
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In Section 2, we formulate the nonlinear boundary value problem. The
 .equations of magnetic fluids are equivariant under the group G s E 2 =
 .Z , where E 2 is the Euclidean group that preserves the horizontal plane2
and Z is the reflection in the mid-plane. The problem is presented as a2
bifurcation problem on a doubly periodic lattice in the plane that lies
either on the square or on the hexagonal lattice. The linear analysis of the
problem yields a critical Rayleigh number in Section 3. As the Rayleigh
number is increased beyond the critical Rayleigh number, the condition
state loses its stability either at a steady state bifurcation or at Hopf
bifurcation. The stability of steady state solutions is discussed in Section 4.
Also presented are the various degeneracies in the bifurcation diagrams
for the physically attainable regions of parameter space. These degenera-
cies occur along the boundary of codimension one surfaces in the parame-
ter space and divide it into structurally stable or unstable regions.
2. FORMULATION OF THE PROBLEM
Consider a horizontal layer of an incompressible magnetic fluid heated
from below. The layer is subjected to a uniform magnetic field H acting0
normally to the free magnetic fluid interface. The applied magnetic field
H is less than the critical magnetic field for the onset of normal field0
w xinstability 1 . A temperature gradient is maintained across the fluid layer.
We assume that the flow field is isothermal and the temperature range of
operation is far from the Curie temperature. The problem relies on the
soret effect to set up a stabilizing concentration gradient in a magnetic
fluid in response to a destabilizing temperature gradient and a normal
magnetic field. The momentum equation for an incompressible magnetic
fluid with constant viscosity m is
d V
2r s y=p q rg q m = V q m M ? =H, 1 .0dt
where V, p, g, H, and M denote the velocity field, the pressure, the
acceleration due to gravity, the magnetic field, and the magnetization,
respectively. m is the magnetic permeability of free space. The last term0
 .on the right hand side of Eq. 1 represents the magnetic polarisation force
and is the most important term in describing the thermomechanics of the
magnetic fluids. The coefficient of viscosity is assumed to be isotropic and
independent of the applied magnetic field. The equation of continuity is
= ? V s 0. 2 .
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The equation for the conservation of energy is
­ M dT ­ M dH
2rC y m H ? q m T ? s k = T q f ,V , H 0 0 T /  /­ T dt ­ T dtV , H V , H
3 .
where T is the temperature, C is the specific heat capacity at constantV , H
volume and magnetic field, M is the magnetization, k is the thermalT
conductivity, and f represents the dissipation due to viscosity. Since the
convection is also caused by concentration nonuniformity, the convective
diffusion equation is
dS M
2 2 2s D = S y d = Trg y = ? D Sm x =H r2 , 4 . .  .0dt RT
where S, D, M, R, d , g , and x are the concentration, diffusion coefficient,
the molecular mass of the moving component, the gas constant, d s
y­ Sr­ z, g s y­ Tr­ z, and x s x rr, respectively. Here x is theG G
magnetic susceptibility.
The Maxwell equations governing B and H are
= ? B s 0, = = H s 0. 5 .
Further B, M, and H are related by
B s m M q H . 6 .  .0
Since the magnetization depends on the magnetic field, temperature, and
concentration, we have
H
M s M H , T , S . 7 .  .
H
The above equation of state is linearized about the applied magnetic field
H , an average temperature T , and an average concentration S . Thus0 0 0
M s M q x H y H y K T y T q K S y S , 8 .  .  .  .0 G 0 0 1 0
 .where x s ­ Mr­H is the differential magnetic susceptibility,G H , T , S0 0 0
 .K s y ­ Mr­ T is the pyromagnetic coefficient, and K sH , T , S 10 0 0
 .­ Mr­ S is the solute analog of K for the magnetic fluid underH , T , S0 0 0
consideration. We assume the magnetization to be independent of the
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concentration of solute particles in the liquid carrier. With this assump-
tion, the results do not deviate much since the magnetization of the fluid
depends mainly on the volume occupied by the dispersed ferro-particles
w x11 . However, the effect of concentration comes through the equation of
state. The equation of state for a Boussinesq, two component fluid, is given
by
r s r 1 y a T y T q a S y S , 9 .  .  .0 T 0 S 0
wherer , a , a are the equilibrium density, the thermal coefficient, and0 T S
the solute expansion coefficient, respectively.
We introduce dimensionless parameters: Prandtl number s , Lewis
number t , Rayleigh number R, Separation ratio S, and magnetic number
M. We obtain the various equations in the nondimensionalized form as
­ Vr­ t q V ? = V y s =2 V s =P q Rs T q SS z q s M T y H z .  .  .Ã Ã
xrq s M H =T y H ? =H , 10 . /1 q xr
­ Tr­ t q V ? = T s w q =2T , 11 .  .
­ Sr­ t q V ? = S s w q t =2 S y =2T , 12 .  .  .
= ? V s 0, 13 .
 .  .where V s u, ¨ , w is the velocity in x, y, z coordinates, T S, H, and P
are nondimensional departures of temperature, concentration, magnetic
field, and pressure, respectively, from their conduction profiles.
The Maxwell equation and magnetostatic form of Ampere's law give
A =2H q 1 y A ­ 2Hr­ z 2 s ­ 2Tr­ z 2 , 14 .  .
H s =f , 15 .
< <  .  .where H s H and A s 1 q x r 1 q x , x being the magnetic fieldr s s
susceptibility and x the differential magnetic field susceptibility.r
The boundaries are perfectly conducting. Following Knobloch and Silber
w x5 , the temperature and concentration are assumed to be fixed at the two
boundaries
w s T s S s 0 at z s 0, 1. 16 .
It is interesting to note that the basic equations governing the problem
 .  .along with the boundary conditions 10 ] 16 are equivariant under the
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 .Euclidean group E 2 and also with respect to the reflection in the
 .mid-plane. Thus, the symmetry group of the problem is E 2 = Z .2
3. LINEAR THEORY
 .  .  .Equations 10 ] 16 have a trivial conduction solution V, P, T , S s
 .0, 0, 0, 0 . As R is increased this solution loses stability at steady state
 SS .  H o p f .bifurcation R or at Hopf bifurcation R . The eigenfunction of the
linearized equations is
w s exp i k x q k y y pt sin p z q c.c., 17 .  . . .x y
 .where k s k , k is the wave vector. The characteristic value problemx y
satisfies the dispersion relation,
D p , k , A , M , s , t , S .
23 2 2 2 2 2s p p q k q p y s q t q 1 p q k .  .  . /
AM s k 432 2 2q p s q t q st p q k y Rs 1 q S k y .  .  . 2 2 /p q Ak
42 2 2 2 2y st p q k q Rs k p q k t q t S q S .  .  .
AM st k 4 p 2 q k 2 .
q 2 2p q Ak .
s 0. 18 .
 .For steady state bifurcation p s 0, from Eq. 18 , we obtain
MAk43SS 2 2 2R s t p q k y k 1 q S t q S . 19 .  .  . .2 2 /p q Ak .
The neutral stability curve has a minimum at k s k which depends uponCS
 .M. For the Hopf bifurcation p is purely imaginary and Eq. 18 yields the
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Hopf bifurcation Rayleigh number
1 q s .
H o p fR s 2k 1 q s q s S .
32 2 4s q t 1 q t p q k MAk .  .  .
= y . 20 .2 2 /s p q Ak .
The Hopf bifurcation Rayleigh number R H o p f is minimized at k s k ,C H
which depends upon s , t , and M. It is interesting to note here that the
critical wave numbers for the onset of the steady state bifurcation and the
Hopf bifurcation are different in the magnetic fluids. We can deduce the
result for ordinary fluids by taking appropriate limits. In ordinary fluids
both the critical wave numbers for the steady state bifurcation and the
Hopf bifurcation are equal. The magnetization parameter M introduces
instability in the system. For steady state bifurcation, the critical wave
number and the value of the Rayleigh number at critical state is sensitive
to the value of the parameter M. The critical Rayleigh number monotoni-
cally decreases with the value of the parameter M, becoming zero at M ,CS
32 2 2 2 4M s p q k p q Ak r Ak . 21 .  .  .  .CS
The value of M is independent of the parameters s , t , and S. WeCS
further observe that the critical wave number increases with the parameter
M. For Hopf bifurcation the critical wave number and the value of the
Rayleigh number at the critical state depend upon s , t , and the parame-
ter M. The value of the Rayleigh number R H o p f decreases monotonically
with M for given values of s , t , and S It becomes zero at MC H
32 2 2 2 4M s s q t 1 q t p q k p q Ak r sAk . 22 .  .  .  .  .  .C H
As we are interested in the states resulting from steady state bifurcation,
we assume that the steady state bifurcation sets in before Hopf bifurcation
provided RSS - R H o p f, i.e.,
yS - 1 q s t Y y Y r 1 q s 1 q t Y y st Y , 23 .  .  .  .  . .2 1 2 1
where
32 2 2 2 2 3Y s p q k rk y MAk r p q Ak , 24 . .  . . /1 CS CS CS CS
and
32 2 2 2 2 2Y s s q t 1 q t p q k rs k y AMk r p q Ak . .  .  .  . . /2 C H C H C H C H
25 .
For large values of yS, the initial stability occurs via Hopf bifurcation.
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Details of the theory describing the periodic patterns and the steady
state bifurcation theory on square and hexagon lattices are given in
Appendix I.
4. STEADY STATE SOLUTIONS AND THEIR STABILITY
 .  .We now discuss steady state solution of Eqs. 10 ] 16 in the form of
 .rolls, squares, and hexagons. Eq. 10 is simplified on taking the curl of the
equation twice. This operation eliminates the pressure P and the linear
terms involving u and ¨ from the z component of velocity w. Further onÃ
 2  . 2 2 . 2operating A= q 1 y A ­ r­ z = on the resulting equations to elimi-
nate the linear terms in T and S, we get the following steady state
equation for w,
L w s lL w q N V, V q N V, T q N V, S .  .  .  .  .0 1 1 2 3
q N H , T q N H , H , 26 .  .  .4 5
where
l s R y RSS . 27 .
 . The operators L i s 1, 2 , the nonlinear interaction terms N i s 1 toi i
.5 , and the steady state equations for u, ¨ , T , S, and H are given in
Appendix II.
In order to obtain the bifurcation solutions of these equations in the
vicinity of RSS, along with boundary conditions, we expand the various
perturbed physical quantities in terms of a perturbation series in the form
w s A w q A2 w q A3 w q O A4 , 28 . .1 1 1 2 1 3 1
along with the similar expression for T , u, ¨ , S, and H.
R s RSS q A R q A2 R2 q O A3 . 29 . .1 1 1 2 1
 .The quantity A denotes pattern amplitude see Appendix III . The1
solvability conditions which determine R and R for rolls, squares, and1 2
hexagons are
R R s RS s R H s 0, 30 .1 1 1
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R R s RSS 1 q S q Srt q Srt 2 q Srt 3 q 2 AMk2 r p 2 q Ak2 4 .  .2 C C
y12 2= 2 p q k 1 q S q Srt 31 .  . 4 .C
2p 2
S RR s 2 q R2 22 2 /4p q 2k .
2p 2AMk2Cy 2 2 2 2 2 2p q k 4p q 2k p q Ak 1 q S q Srt . .  .  .C C C
22 2 SS 2pa p q k R pa 1 q S q Srt q Srt . .Cy y2 2 2s k 1 q S q Srt 2k q 4p 1 q S q Srt .  . .C C
2 2 2p 2p 4p
q y pa 1 y q2 2 2 2 2 2p q k p q Ak 4p q 2 Ak .  .C C C
M
= 32 .2 24p q 2k 1 q S q Srt . .C
22 2 2 29p p p qk p b qb . .C 1 2H RR s 3q q R y2 2 22 2 2 2 2s k 1qSqSrt2 4p qk 2 4p q3k  . .  . CC C
2 29p p
y q2 2 2 2k q 4p 3k q 4p .  .C C
MAk2C
= 2 2 2 22 p q Ak p q k 1 q S q Srt . .  .C C
23pb pb 1 q S q Srt q Srt .1 2SSy R q2 2 2 2 1 q S q Srt2 4p q k 2 4p q 3k  . .  .C C
2 2 23 3p 2p 4p
q y pb 1 y q12 2 2 2 2 22 2 p q k p q Ak 4p q Ak .  .  .C C C
M
= 2 24p q k 1 q S q Srt . .C
2 2 21 p 2p 4p
q y pb 1 y q22 2 2 2 2 22 2 p q k p q Ak 4p q 3 Ak .  .  .C C C
M
= . 33 .2 24p q 3k 1 q S q Srt . .C
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 .5. A SQUARE LATTICE
 .Non-trivial solutions to vector field 3 in Appendix I on the square
 .  .lattice correspond to rolls R and squares S :
 .R x s A ) 0, x s 0;1 R 2
 .S x s x s A ) 0.1 2 s
The various coefficients appearing in the vector field are calculated for
the fixed point space of solutions involving the rolls and squares. We make
 .  .use of the Taylor series expansion of 2 Appendix I confined to the fixed
point solutions, only. We neglect the higher order terms involving l , l ,R S
A , and A and obtainR S
l s y 2 p rp A2 s RS A2 34 .  .S N l S 2 S
and
l s r y p rp A2 s R R A2 . 35 .  . .R N l R 2 R
 .The degeneracies in vector fields 2 in Appendix I occur when
p s 0, q s 0, p s q , 36 .N N
i.e.,
R R s 0, RS s 0, RS s 2 R R . 37 .2 2 2 2
 .The degeneracies have been exhibited in the t , yS plane for various
values of the parameters M and A in Fig. 1, for s s 25. These codimen-
 .sional one surfaces divide the t , yS plane into four regions as shown in
Fig. 1.
 .The various coefficients appearing in the normal form 3 in Appendix I
are given by
« s sgn 2 R R y RS , 38 . .1 2 2
m s « RSr RS y 2 R R , 39 . .1 2 2 2
R S  .  .where R and R are given by Eqs. 31 and 32 , respectively. For the2 2
existence of a stable non-trivial solution in the neighborhood of the
bifurcation point, we require that the squares and rolls both must bifurcate
 R S .super-critically i.e., R ) 0 and R ) 0 . It has been found numerically2 2
that this condition is met in region 1 only. It is interesting to note here that
in region 1, the coefficients « and m are always less than y1 even in the1
presence of a magnetic field. Thus the square solutions are unstable in the
magnetic fluids for the physical accessible values of prandtl number s ,
magnetic parameter M, and A.
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For a fixed value of prandtl number s , with increase in the value of the
magnetization parameter M or with increase in A, the area of region 1 of
graphs increases. We thus conclude that for larger values of magnetization
parameter M, rolls remain stable for larger negative values of S and the
magnetic field does not stabilize the square cells.
 .5. B HEXAGONAL LATTICE
We now consider the solution with one dimensional fixed point spaces
on the hexagon lattice,
R z s A ) 0, z s z s 0, A g R , 40 .  .1 R 2 3 R
H z s z s z s A ) 0, A g R . 41 .  .1 2 3 H H
 .On restricting the Taylor series expansion of general vector field 6 in
 .  .Appendix I to fixed point spaces of H and R and neglecting higher
order terms, we obtain for a sufficiently small neighborhood of the
bifurcation point
3h q h rh s yl rA2 s yR H 42 . .1, s 3 1, l H H 21
and
h q h rh s yl rA2 s yR R . 43 . .1, s 3 1, l R R 21
The degeneracies in the vector field occur when
R R s 0, R R q R H s 0, R H s 0, R H y 3R R s 0. 44 .2 2 2 2 2 2
A numerical search was made for the location of the degeneracies of the
hexagonal lattice occurring along the boundaries of codimension one
 .surfaces in the plane t , yS . The bifurcation diagram has five regions
shown in Fig. 2 for the different values of magnetization parameter M, A,
and for s s 25.
Now we proceed to discuss the stability of the solution. The trivial
solution is stable subcritically provided
sgn h s 1. 45 .  .1, l
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 .  .FIG. 1. a The degeneracy curves of the square lattice in the t , yS plane for s s 25,
 .  .A s 1, and M s 500. b The degeneracy curves of the square lattice in the t , yS plane for
 .  .s s 25, A s 1, and M s 1000. c The degeneracy curves of the square lattice in the t , yS
plane for s s 25, A s 5, and M s 500.
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 .FIG. 1. continued
After some algebra, we obtain the various coefficients appearing in the
 .normal form 11 as
a s y R H y R R r R H y 3R R 46 . .  .2 2 2 2
sgn h 0 s sgn R H y 3R R . 47 .  . .  .3 2 2
H R  .  .The quantities R , R are as in 33 and 31 . For the existence of stable2 2
branches, we require that all solution branches must be supercritical. The
 .rolls branch is stable supercritically for a q 1 - 0 and h 0 ) 0, whereas3
 .hexagons are stable supercritically for 3a q 1 ) 0 and h 0 - 0.3
The rolls and hexagons both bifurcate supercritically in region 1 and in
region 2, shown in Fig. 2. The non-trivial rolls solution can exist only in
 .  .region 1 where sgn h 0 s 1 and a - y1. In region 2, sgn h 0 s y13 3
 H R H .and a ) y1r3 i.e., R y 3R - 0 and R ) 0 , so the stable hexagons2 2 2
occur in this region. As shown in Fig. 2, for small values of the magnetiza-
tion parameter M, the regions 3 and 4 almost vanish. The area of region 1
and region 2 of the bifurcation diagram increases with increase in the
value of the magnetization parameter M.
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 .  .FIG. 2. a The degeneracy curves of the hexagonal lattice in the t , yS plane for
 .s s 25, A s 1, and M s 500. b The degeneracy curves of the hexagonal lattice in the
 .  .t , yS plane for s s 25, A s 1, and M s 1000. c The degeneracy curves of the hexagonal
 .lattice in the t , yS plane for s s 25, A s 5, and M s 500.
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 .FIG. 2. continued
6. DISCUSSION
In double-diffusive convection in magnetic fluids, rolls have been found
to be stable on the square lattice whenever they bifurcate supercritically.
On the hexagon lattice both rolls and hexagons may be stable depending
upon the physical parameters t , S, A, and M. For larger values of the
magnetization parameter M, rolls remain stable for larger negative values
of S.
The amplitudes of rolls, squares, and hexagons have been plotted
against the bifurcation parameter l, for different values of the magnetiza-
tion parameter M and A in Fig. 3 for s s 25, t s 0.4, and S s y0.05. It
has been observed that the amplitudes of patterns}rolls, squares, and
hexagons}decrease with increase in M and A.
Our results are restricted to the case when RSS - R H o p f. The phe-
nomenon of co-dimensional two bifurcation occurs at a point in parameter
space when the two bifurcation lines intersect, thus leading to a competi-
tion between two types of instabilities. These instabilities may give rise to
oscillatory or steady state bifurcation. We have also not considered the
case when the pattern formation results as a consequence of the Hopf
bifurcation.
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 .  .FIG. 3. a The amplitudes of rolls, squares, and hexagons, in the l, A plane for1
 .s s 25, t s 0.4, S s y0.05, A s 1, and M s 500. b The amplitudes of rolls, squares, and
 .  .hexagons in the l, A plane for s s 25, t s 0.4, S s y0.05, A s 1, and M s 1000. c The1
 .amplitudes of rolls, squares, and hexagons in the l, A plane for s s 25, t s 0.4, S s y0.05,1
A s 5, and M s 500.
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 .FIG. 3. continued
APPENDIX I: STEADY-STATE BIFURCATIONS ON
SQUARE AND HEXAGONAL LATTICES
In order to study the bifurcation problem on square and hexagon lattices
  .posed by the nonlinear boundary value problem 10] 16 , we require the
eigenvalues and the eigenfunctions of the associated linear stability prob-
 .  .lem. The kernel of the linear operator 10 ] 16 describing the stability
properties of the conduction state is infinite dimensional and the eigenval-
ues of the marginal state are not isolated. To circumvent this difficulty we
consider the vertical velocity component w as a doubly periodic scalar real
valued function on R2 with periods e and e . The marginally stable modes1 2
with wave number k leave their orientation unspecified resulting in aCS
whole circle of marginally stable modes and the stable eigenvalues accu-
w x SSmulate at zero 16 . For the values of the Rayleigh number R ) R , there
exists a whole band of unstable wave numbers. Now,
w x , y , z s w exp i k l x q k l y , .  . .  . l , l 1 1 2 21 2
l , l gZ1 2
w are complex amplitudes and k , k are wave vectors in the reciprocall , l 1 21 2
lattice such that k e s k e s 2p and k e s k e s 0. L s n e q1 1 2 2 1 2 2 1 1 1
4n e : n , n g Z is the lattice generated by e , e . The translational sym-2 2 1 2 1 2
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metry of the doubly periodic function w is identified with two torus
2 2  .T s R rL and the rotational part of E 2 consists of discrete symmetries
D for the square lattice and D for the hexagonal lattice. Z denotes4 6 2
reflection in the mid-plane of the layer. Thus, the square pattern lies on
 2 .the square lattice with symmetry group, G s D = T = Z , while theS 4 2
hexagonal pattern lies on the hexagonal lattice symmetry group, G s DH 6
2 .=T = Z , and the rolls solution lies on both the lattices.2
With these assumptions, the kernel of the linear operator at k s k ,CS
describing the stability properties of the conduction state, becomes finite
dimensional. All other modes have eigenvalues with real part bounded
w xaway from zero. The centre manifold theorem 18 describes the dynamics
in terms of a system of an ordinary differential equation in the neighbor-
SS  . 2hood of equilibrium state z s 0, R s R , z s g z, l , where g : C = R ªÇ
C2 and l and z are the bifurcation parameter proportional to R y RSS
and the complex amplitude, respectively.
The fundamental wave vectors of the square lattice are k s k x, k sÃ1 c 2
k y, where x, y denote orthonormal vectors in the horizontal plane. TheÃ Ã Ãc
kernel of linearized equations at R s RSS is
W s z exp ik x q z exp ik y q c.c. sin p z : z , z g C 2 . .  .  .  . 4 .S 1 c 2 c 1 2
1 .
The stability of the square lattice is determined by considering the normal
form of the vector field. The most general G -equivariant vector field onS
4 w xR is given by 16
xÇ x x1 1 1s p q qd , g s g s 0, 2 .Ç Ç1 2x yx /  / /xÇ 2 22
 .where Z s x exp ig , j s 1, 2.j j j
 2The coefficients p and q are smooth real valued functions of N s x1
2 . 2  2 2 .q x and D s d s x y x involving the amplitude of the surface2 2 1
w xwave. Following 16 , the finite dimensional normal form for the vector
 .field associated with Eq. 2 is
x x1 1n x , x , l s e l q mN q e d , m / 0, e , 3 .  .  .1 2 0 1 1x yx /  /2 2
< <where e s sgn p , e s sgn q, m s p r q , and the subscript denotes the0 l 1 n
 .partial derivative with respect to that variable. Bifurcation analysis of 3
shows that for e s 1, squares are stable supercritically and the rolls are1
unstable for m - 0. For 0 - m - e , rolls are unstable supercritically and1
the squares are unstable subcritically. For m ) e , both the rolls and the1
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squares are unstable and subcritical. However, for e s y1, unstable1
squares and stable supercritical rolls occur for m - e , unstable supercriti-1
cal rolls and unstable subcritical squares are obtained for e - m - 0,1
whereas for m ) 0 both the solution branches are subcritical and unstable.
For discussing the stability of solutions we will obtain the expressions for
the coefficients e , e , and m for the magnetic fluid system.0 1
The fundamental wave vectors of the hexagonal lattice are
1k s k x , k s y y k x y 63 y , k s y k q k . 4 .  . .Ã Ã Ã1 C 2 C 3 1 22
w xFollowing Buzano and Golubitsky 17 , for the hexagonal lattice, the Gh
invariant subspace of critical modes is
W H s z exp ik x q z exp ik yx q 63 y .  .  . 1 C 2 c
qz exp ik x q 63 y q c.c sin p z , z , z , z g C3. 5 .  .  .4 . .3 c 1 2 3
G acts irreducibly on this subspace.h
2 w xThe most general D = T = Z equivariant vector field 15 is6 2
z s H z q P z z , i / j / k i , j, k s 1 to 3, 6 .Ç1 i i i j k
2 < < 2where H s h q u h q u h , u s z , andj 1 j 3 j 5 j j
P s p q u p q u2 p ; j s 1, 2, 3. 7 .j 5 j 7 j 9
h and p are functions of l and the invariants s , s , s , q.i i 1 2 3
s s u q u q u , s s u u q u u q u u , s s u u u ,1 1 2 3 2 1 2 2 3 3 1 3 1 2 3
q s z z z q z z z . 8 .1 2 3 1 2 3
The degeneracy conditions are
h 0 s 0, h 0 q h 0 s 0, h 0 q 2h 0 s 0, .  .  .  .  .1, l 3 1, s 3 1, s1 1
h 0 q 3h 0 s 0, h 0 s 0, and p 0 s 0. 9 .  .  .  .  .3 1, s 3 51
 .  .The non-trivial solutions to z s g z, l s 0, z s z , z , z on a neighbor-Ç 1 2 3
 .  .hood of the bifurcation point z, l s 0, 0 are with fixed point spaces
R R 1, 0, 0 , .  .
H R 1, 1, 1 . 10 .  .  .
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w xThe universal unfolding for the corresponding normal form is 17
5 2 3z s z l q as q u q cqz z q O z , l z , l z , 11 .  .  .Ç1 1 1 1 2 3
a q 1 / 0, 2 a q 1 / 0, 3a q 1 / 0, c / "1; 12 .
a s h 0 rh 0 13 .  .  .1, s 31
and
c s sgn p 0 h 0 . 14 .  .  . .5 3
For the existence of stable branches, we require that all solution branches
must be supercritical. The rolls branch is stable supercritically for a q 1 -
 .0 and h 0 ) 0, whereas hexagons are stable supercritically for 3a q 1 ) 03
 .and h 0 - 0.3
APPENDIX II
The various operators are defined as
­ 2
2 6L w s s A= q 1 y A = .  .0 2 /­ z
S ­ 2 ­ 2
SSy s R 1 q S q q x2 2 /  /t ­ x ­ y
­ 2 ­ 2 ­ 2
2A= q 1 y A w y s MA q w , 1 .  .2 2 2 /  /­ z ­ x ­ y
­ 2 ­ 2 ­ 2
2L w s s q A= q 1 y A w. 2 .  .  .1 2 2 2 / /­ x ­ y ­ z
2 2 2­ ­ ­
2 2N V, V s A= q 1 y A = q V ? = w .  .  .1 2 2 2 /  /­ z ­ x ­ y
2 2­ ­
y V ? = u y V ? = ¨ , 3 .  .  .
­ x ­ z ­ y ­ z
­ 2 ­ 2 ­ 2
SS 2N V, T s ys R 1qS q A= q 1yA V?= T .  .  .  .2 2 2 2 / /­ x ­ y ­ z
22 2­ ­
y s MA q V ? = T , 4 .  .2 2 /­ x ­ y
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S ­ 2 ­ 2 ­ 2
SS 2N V, S s ys R q A= q 1 y A V ? = S , .  .  .3 2 2 2 / /t ­ x ­ y ­ z
5 .
2 2 2­ ­ ­ ­ T
2 2N H , T s ys M A= q 1 y A = q H .  .4 2 2 2  / /  / ­ z­ z ­ x ­ y
2 2­ ­ T ­ ­ T
y H y H 6 . /  /­ x ­ z ­ x ­ y ­ z ­ y
­ 2
2N H , H s ys M x _ 1 q x A= q 1 y A .  .  . .5 r r 2 /­ z
2 2­ ­ ­ H
2= = q H2 2  / / ­ z­ x ­ y
2 2­ ­ H ­ ­ H
y H y H . 7 . /  /­ x ­ z ­ x ­ y ­ z ­ y
The steady state equations for u, ¨ , T , S, and H are
2 2 2­ ­ ­
4s = u q y q V ? = u q V ? = ¨ .  .2 2  / ­ x ­ y­ y ­ z
­ 2
q V ? = w . 5­ x ­ z
­ 2 ­ 2
SSs s R T q SS q s M T y H .  .
­ x ­ z ­ x ­ z
2 2­ ­ ­ T x ­ Hrq s M y q H y H2 2  / ­ x 1 q x ­ x­ y ­ z  .r
2­ ­ T x ­ Hrq H y H
­ x ­ y ­ y 1 q x ­ y .r
2­ ­ T x ­ Hrq H y H 8 .5­ x­ z ­ z 1 q x ­ z .r
BAJAJ AND MALIK212
2 2­ ­
4s = ¨ q y q V ? = ¨ .2 2  /­ x ­ z
­ 2 ­ 2
q V ? = u q V ? = w .  . 5­ x ­ y ­ y ­ z
­ 2 ­ 2
SSs s R T q SS q s M T y H .  .
­ y ­ z ­ y ­ z
2 2­ ­ ­ T x ­ Hrq s M y q H y H2 2  / ­ y 1 q x ­ y­ x ­ z  .r
2­ ­ T x ­ Hrq H y H
­ x ­ y ­ x 1 q x ­ x .r
2­ ­ T x ­ Hrq H y H 9 .5­ y ­ z ­ z 1 q x ­ z .r
V ? = T y =2T s w 10 .  .
V ? = S y t =2 S y =2T s w , 11 .  .  .
­ H 2 ­ T 2
2A = H q 1 y A s . 12 .  .2 2­ z ­ z
APPENDIX III
 .The solutions in the form of rolls, squares, and hexagons for Eq. 26 are
R w R s exp ik x sin p z q c.c., 1 .  .  . .1 c
S w S s exp ik x q exp ik y sin p z q c.c., 2 .  .  .  . .1 c c
H w H s exp ik x q exp ik yx q 63 y r2 .  .  . .1 c c
qexp ik x q 63 y r2 sin p z . . .C
q c.c. 3 .
 .  .Equations 8 ] 12 in Appendix II at leading order in A give the1
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following square solutions:
T s w Sr p 2 q k 2 .1 1 C
S s t q 1 w Sr t p 2 q k 2 .  . .1 1 c
H s p 2 w Sr p 2 q k 2 p 2 q Ak2 .  . .1 1 C C
u s ­ 2 w Sr­ x ­ z rk 2 .1 C
¨ s ­ 2 w Sr­ y ­ z rk 2 . 4 . .1 C
Similar expressions also exist for rolls and hexagons. Now proceeding to
 .the second order, Eq. 26 gives
L w s R L w q N V , V q N V , T q N V , S .  .  .  .  .0 2 1 1 1 1 1 1 2 1 1 3 1 1
q N H , T q N H , H . 5 .  .  .4 1 1 5 1 1
With a view to obtain the uniformly valid solutions, we require that the
solutions w of this equation must be spatially periodic. This condition2
 .implies that all terms on the RHS of Eq. 5 lying in the kernel of L must0
 .vanish. Since none of the nonlinear terms in 5 lie in the kernel of L , we0
require
R R s RS s R H s 0. 6 .1 1 1
This condition yields the solutions
R w R s 0 7 .  .2
S w S s a f x , y sin 2p z , 8 .  .  .2
where
f x , y s exp ik x q y q exp ik x y y q c.c. 9 .  .  .  . .  .c c
and
a s y2p p 2 q k 2 4p 2 q 2k 2 rs  .  .C C
y2Pk 2 RSS 1 q S q Srt q Srt 2 r p 2 q k 2 .  .C C
y4p AMk4 r p 2 q k 2 4p 2 q 2 Ak 2 4 .  . .C C C
32 2 2 SS= 2k q 4p y 2k R 1 q S q Srt . . C C
y1
4 2 2y4 AMk r 4p q 2 Ak 10 . . 5C C
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H w H s b g x , y q b g x , y sin 2p z , 11 .  .  .  . .2 1 1 2 2
g x , y s exp iu q exp iu q exp iu q c.c., 12 .  .  .  .  .1 1 2 3
g x , y s exp i 2u q u q exp i u q 2u q exp i u y u q c.c., .  .  .  .2 1 2 1 2 1 2
13 .
and
u s x , u s yx q 63 y r2, u s u q u , 14 .  .1 2 3 1 2
b s y3p p 2 q k 2 4p 2 q k 2 r 2s .  .  .1 C C
y3p k 2 RSS 1 q S q Srt q Srt 2 r 2 p 2 q k 2 .  . .C C
y3p AMk4 r 2 p 2 q k 2 4p 2 q Ak 2 4 .  . .C C C
=
32 2 2 SSk q 4p y k R 1 q S q Srt . . C C
y1
4 2 2yAMk r 4p q Ak 15 . . 5C C
b s y3p p 2 q k 2 4p 2 q 2k 2 r 2s .  .  .2 C C
y3p k 2 RSS 1 q S q Srt q Srt 2 r 2 p 2 q k 2 .  . .C C
y9p AMk4 r 2 p 2 q k 2 4p 2 q 3 Ak2 4 .  . .C C C
=
32 2 2 SS3k q 4p y 3k R 1 q S q Srt . . C C
y1
4 2 2y9AMk r 4p q 3 Ak . 16 . . 5C C
 .  .The corresponding solutions of Eqs. 8 ] 12 of Appendix II for the cases
of rolls, squares, and hexagons are
 .for R ,
uR s 0,2
T R s ysin 2p z r 2p p 2 q k 2 .  . .2 C
SR s y t 2 q t q 1 sin 2p z r 2pt 2 p 2 q k 2 .  .  . .2 C
H R s ysin 2p z r 2p p 2 q k 2 ; 17 .  . . .2 C
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 .for S ,
uS s ­ 2 w Sr­ x ­ z r 2k 2 .  .2 2 C
¨ S s ­ 2 w Sr­ y ­ z r 2k 2 .  .2 2 C
y1 p f x , y .
ST s q a y sin 2p z .2 2 2 2 2 2 2 /p p q k p q k 4p q 2k .  .  .C C C
2 2y t q t q 1 t q 1 a p t q t q 1 .  .  .
SS s q y2 2 2 2 2 2 2 /tpt p q k t p q k .  .C C
f x , y .
= sin 2p z ,2 22k q 4p .C
y1 p
S 2H s q 4p a y2 2 2 2 2 /p p q k p q k .  .C C
f x , y .
= sin 2p z ; 18 .  .2 2 2 24p q 2k 4p q 2 Ak .  .C C
 .for H ,
y3 3p g x , y .1HT s sin 2p z q b y2 12 2 2 2 2 2 2p p q k 2 p q k 4p q k .  .  .C C c
p g x , y .2q b y2 2 2 2 2 52 p q k 4p q 3k .  .C C
2 2y3 t q t q 1 3p t q t q 1 .  .
HS s sin 2p z q t q 1 b rt y .2 12 2 2 2 2 2 2p p q k t 2t p q k .  .C C
2g x , y p t q t q 1 g x , y .  .  .1 2
= q t q 1 b rt y . 22 2 2 2 2 2 2 54p q k 2t p q k 4p q 3k .  .  .C C C
y3 3p
H 2H s sin 2p z q 4p b y2 12 2 2 2 2p p q k 2 p q k .  .C C
g x , y r 4p 2 q Ak 2 .  .1 C
= 2 24p q k .C
2 2p g x , y r 4p q 3 Ak .  .2 C2q4p b y2 2 2 2 2 52 p q k 4p q 3k .  .C C
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b ­ 2 b ­ 21 2Hu s g sin 2p z q g sin 2p z , .  .2 1 22 2­ x ­ z ­ x ­ zk 3kc c
b b ­ 21 2H¨ s g sin 2p z q g sin 2p z . 19 .  .  .2 1 22­ y ­ z ­ y ­ z3kc
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